We apply the theory of cotorsion pairs to study closure properties of classes of modules with finite projective dimension with respect to direct limit operations and to filtrations.
Introduction
In this paper we apply the theory of cotorsion pairs to study classes of modules with finite projective dimension. The first insight in this direction was made in [7] (see also [22, Chapter 7] ). Our approach takes advantage, and it is based on, the recent developments in the area that had led, for example, to show that all tilting modules are of finite type [12] , [13] , [36] , [14] and to solve the Baer splitting problem raised by Kaplansky in 1962 [2] .
For a ring R, let P n be the class of right R-modules of projective dimension at most n. Denote by mod-R the resolving class of right R-modules having a projective resolution consisting of finitely generated projective modules. We set mod-R ∩ P n := P n (mod-R).
A possible approach to understand the structure of the modules in P n in terms of modules in P n (mod-R), is to determine whether they belong to the direct limit closure of P n (mod-R). However, as direct limits do not commute with the Ext functor, it is also convenient to turn the attention towards the smaller class of modules filtered by modules in P n (mod-R) or, even better, towards direct summands of such modules. (See Fact 2.2.)
From the general theory of cotorsion pairs it follows that the modules in P n are direct summands of P n (mod-R)-filtered modules if and only if the cotorsion pair (P n , P ⊥ n ) is of finite type, that is, if and only if P ⊥ n = P n (mod-R)
⊥ . ( ⊥ denotes the Ext-orthogonal, see § 2 for unexplained terms and notation). We summarize these results, as well as the relation between filtrations and direct limits in Proposition 4.1. We give a new insight on this interaction in Theorem 4.6, where we show that if (P n , P ⊥ n ) is of finite type, then any module in P n+1 is a direct limit of modules in P n+1 (mod-R). On the other hand we also prove that the finite type of the cotorsion pair (P n , P ⊥ n ) for some n ≥ 1 implies strong coherency/noetherianity conditions on the class P n , see Corollary 3.8.
The basic idea to show the finite type of the cotorsion pair (P n , P ⊥ n ), is patterned in the method used to prove that tilting classes are of finite type. This means to follow a two-step procedure: First to show that (P n , P ⊥ n ) is a cotorsion pair of countable type, and then conclude the finite type by proving that the Ext-orthogonal of the countably presented modules coincides with the Ext-orthogonal of the finitely presented ones.
After Raynaud a Gruson [33] , it is well known that over an ℵ 0 -noetherian ring any module of projective dimension at most n is filtered by countably generated (presented) modules of projective dimension at most n. Specializing to the case of projective dimension at most one, we observe in Proposition 5.5 that for right orders in ℵ 0 -noetherian rings (P 1 , P ⊥ 1 ) is of countable type.
For rings with a two-sided (Ore) classical ring of quotients Q we look for descent type results. We consider the problem of getting information on (P 1 , P ⊥ 1 ) assuming that the right Q-modules of finite projective dimension are exactly the projective Q-modules.
We recall that, for a general ring R, the right small finitistic dimension, f.dim R is the supremum of the projective dimension of modules in mod-R with finite projective dimension. The big finitistic dimension, F.dim R is the supremum of the projective dimension of right R-modules of finite projective dimension.
In Proposition 6.3 we show that if R has a two-sided classical ring of quotients Q such that f.dim Q = 0, then P 1 (mod-R) ⊥ coincides with the Ext-orthogonal of the cyclically presented modules in P 1 (mod-R). Therefore, in this case, if (P 1 , P ⊥ 1 ) is of finite type, then the modules in P 1 are precisely the direct summands of modules filtered by the cyclically presented modules of projective dimension at most one, and P ⊥ 1 = D the class of divisible modules.
To work with a countably presented module M ∈ P 1 we use the relative Mittag-Leffler conditions, that first appeared in [13] and were further developed in [4] , as an effective way to characterize vanishing conditions of the functor Ext.
In Theorem 7.2 we patch together the results for countably presented modules with the ones giving the countable type proving that if the ring is an order in an ℵ 0 -noetherian ring Q of small finitistic dimension 0, then the cotorsion pair generated by the modules of projective dimension at most one is of finite type if and only if Q has big finitistic dimension 0. As a consequence of our work we find, for example, that (P 1 , D) is a cotorsion pair of finite type for orders in semisimple artinian rings (Corollary 8.1) so, in particular, for commutative domains (Corollary 8.2). We also characterize the commutative noetherian rings for which (P 1 , P ⊥ 1 ) is of finite type as the ones that are orders into artinian rings. We remark that this kind of results had been only considered in the commutative domain setting. The cotorsion pair (P 1 , P ⊥ 1 ) was known to be of finite type only in these two cases: the class of Prüfer domains and the class of Matlis domains. For the first class the key result [21, VI Theorem 6.5] is that a module of projective dimension at most one over a Prüfer domain is filtered by cyclic finitely presented modules (which are all of projective dimension one). For the second class, recall that a domain R is a Matlis domain provided that the quotient field Q of R has projective dimension one. If this is the case, then Matlis proved that the class of divisible module coincides with the class of epimorphic images of injective modules (see [30] ). From this fact it easily follows that ⊥ D = P 1 (see also [29] ).
The paper is structured as follows, in Section 2 we introduce notations and some basic facts about cotorsion pairs. The notions concerning relative Mittag-Leffler modules are given in Section 3, where we also prove the results about these modules which will be needed in the sequel. We specialize to modules of bounded projective dimension in Section 4, and we examine the question of the countable type in Section 5.
In Sections 6 and 7, we assume that R has a classical ring of quotients with finitistic dimension 0 and we investigate the consequences on the class P 1 , proving Theorem 7.2 which is the main result of this part of the paper. We devote Section 8 to expose some applications of our work, and we finish in Section 9 with a discussion of examples and counterexamples that limit the scope for possible generalizations. In particular, we exhibit examples showing that (P n , P
Preliminaries and notations
Let R be an associative ring with unit.
For any infinite cardinal µ, mod µ -R and mod <µ -R will be the classes of modules with a projective resolution consisting of ≤ µ-generated or < µ-generated projective modules, respectively. We will simply write mod-R for mod <ℵ0 -R. For any class C of right (left) R-modules, C(mod-R) and C(mod ℵ0 -R) will denote the classes C ∩ mod-R and C ∩ mod ℵ0 -R, respectively.
An ascending chain (M α | α < µ) of submodules of a module M indexed by a cardinal
Given a class C of modules, we say that a module M is C-filtered if it admits a filtration (M α | α < µ) such that M α+1 /M α is isomorphic to some module in C for every α < µ. In this case we say that (M α | α < µ) is a C-filtration of M .
For every class C of right R-modules we set
A pair of classes of modules (A, B) is a cotorsion pair provided that A = ⊥1 B and B = A ⊥1 .
Note that for every class C, ⊥ C is a resolving class, that is, it is closed under extensions, kernels of epimorphisms and contains the projective modules. In particular, it is syzygyclosed. Dually, C ⊥ is coresolving: it is closed under extensions, cokernels of monomorphisms and contains the injective modules. A cotorsion pair (A, B) is complete provided that every right R-module M admits a special A-precover, that is, if there exists an exact sequence of the form 0 → B → A → M → 0 with B ∈ B and A ∈ A. For a class C of right modules, the pair (
is a (hereditary) cotorsion pair; it is called the cotorsion pair generated by C. Clearly,
Every cotorsion pair generated by a set of modules is complete, [18] . If all the modules in C have projective dimension ≤ n, then ⊥ (C ⊥ ) ⊆ P n as well.
In computing Ext-orthogonals of C-filtered modules the following, known as Eklof's Lemma, is essential. 
We recall also the following useful description of the modules in the first component of a cotorsion pair A hereditary cotorsion pair (A, B) in Mod-R is of countable type ( finite type) provided that there is a class S of modules in mod ℵ0 -R (mod-R) such that S generates (A, B), that is S ⊥ = B.
We denote by P the class of right R-modules of finite projective dimension, and for every n ≥ 0, we denote by P n the class of right R-modules of projective dimension at most n. In case we need to stress the ring R we shall write P(R) and P n (R), respectively.
In [1] it is shown that, for every n ∈ N, (P n , P ⊥ n ) is a hereditary cotorsion pair; moreover it is complete, since it is generated by a set of representatives of the modules in the class P n (mod µ -R) where µ = max{cardR, ℵ 0 }.
We consider also the cotorsion pair generated by the class P n (mod-R), for every n ∈ N that is the cotorsion pair (
. By definition, this cotorsion pair is of finite type; it is also hereditary because the class P n (mod-R) is resolving. Clearly, the class
We are interested in n-tilting cotorsion pairs and in cotorsion pairs associated to subclasses of P n .
Recall that an n-tilting cotorsion pair is the hereditary cotorsion pair (
erated by an n-tilting module T . The class T ⊥ is then called n-tilting class. If S is a subclass of P n (mod-R) then the hereditary cotorsion pair generated by S, that is (
an n-tilting cotorsion pair. By results in [12] , [13] , [36] and [14] all n-tilting cotorsion pairs can be generated in this way, namely they are of finite type. Consequently, the class (P n (mod-R)) ⊥ is the smallest n-tilting class.
We will consider also Tor orthogonal classes. For every class C of right R modules we set 
is injective for any family {Q i } i∈I of modules in Q.
Taking Q = R-Mod we recover Raynaud and Gruson's notion of Mittag-Leffler modules. We shall use the following characterization of relative Mittag-Leffler modules. 
(2) Every direct system of finitely presented right R-modules (F α , u β α ) β α∈I with M = lim − → (F α , u βα ) β,α∈I has the property that for any α ∈ I there exists β ≥ α such that, for any Q ∈ Q, Ker (u βα ⊗ R Q) = Ker (u α ⊗ R Q), where u α : F α → M denotes the canonical map.
(3) There exists direct system of finitely presented right R-modules (F α , u β α ) β α∈I with
The relation between relative Mittag-Leffler modules and cotorsion pairs of finite type is given by the following result. We illustrate now some properties of Q-Mittag-Leffler modules that will be used later on. First we state an auxiliary Lemma. 
Then the kernel of the induced map f :
Proposition 3.5 Let R be a ring, and let
Proof. Using the Eilenberg trick, if needed, we can assume that M has a free presentation
where I and J are sets.
Since finitely presented modules are Mittag-Leffler, we can assume that either I or J is infinite. As we are stating a property on M ⊺ and free modules are Mittag-Leffler, we can cancel the free direct summands of M . Hence, without loss of generality, we may assume that the image of µ has non zero projection on all the direct summands of R (I) , and therefore that J is an infinite set. For every finite subset F of J, let µ F be the restriction of µ to R F and let G F be the smallest subset of I such that µ F (R F ) ≤ R GF . Let C F be the finitely presented right R-module R GF /µ F (R F ); then C F ∈ P 1 (mod-R). Let F be the family of the finite subsets of J and consider the direct system (C F ; f KF ) F ⊆K∈F where the structural morphisms
For every F ≤ K ∈ F and every left R-module N , we have a commutative diagram:
By the definitions of the finitely presented modules C F and of the maps f F and f KF , Lemma 3.4 allows us to conclude
where, for any set L, we identify
By Theorem 3.2(2), the assumption that M is a Q-Mittag-Leffler module amounts to the following (*) for every, F ∈ F there is a subset l(
Let now R Y ∈ Y be a submodule of some module Q ∈ Q. We claim that
Observe that only the inclusion ⊆ of the claim needs to be proved. Consider the commutative diagram:
where the rows are exact by the hypothesis that Q, Y ∈ M ⊺ Condition (*) and the commutativity of the above diagram yield:
By the above inclusion,
By the injectivity of µ ⊗ R 1 Q we conclude that σ(y) = z, hence y ∈ Y l(F ) . This proves the claim. Then, taking into account (a) and (b), we conclude that M is a Y-Mittag-Leffler module using Theorem 3.2(3).
Before giving other properties of relative Mittag-Leffler modules, we need a lemma. Proof. If µ = ℵ 0 the claim is obvious. Assume that M is < µ-presented and µ > ℵ 0 . Let {x i } i∈I be a generating set of M such that | I| < µ. Consider the exact sequence
where, if {e i } i∈I denotes the canonical basis of R (I) , f (e i ) = x i for any i ∈ I. By hypothesis we can choose a generating set {y j } j∈J of L such that | J| < µ.
For any finite subset F of J there exists a finite subset
we obtain a direct system of finitely presented modules with limit M indexed by the set F of finite subsets of I. F has less than µ elements. For the converse, let (C α , u β α ) α≤β∈Λ be a direct system of finitely presented modules such that M = lim − → C α ; assume | Λ| < µ. The canonical presentation of the direct limit (see
where for every α ≤ β, C β α = C α , gives a pure exact sequence
Since ⊕ α≤β C β α is < µ-generated, so is ImΦ. Moreover, since ⊕ α∈Λ C α is < µ-presented we conclude that M is < µ-presented. Proposition 3.7 Let µ be an infinite cardinal, and let M be a < µ-generated R-MittagLeffler right R-module. Then M is < µ-presented.
Proof. Assume first that µ = ℵ 0 , so that M is a finitely generated module. To show that M is finitely presented we only need to show that the natural map
is bijective for any set J (cf. [19, Theorem 3.2.22] ). Since M is finitely generated, for any set J, ρ J is onto [19, Lemma 3.2.21] and by our assumption ρ J is injective, hence bijective. Assume now µ > ℵ 0 . Let X = {x i } i∈I be a set of generators of M . As M is R-MittagLeffler, for any finite subset F of I there exists a submodule N F of M that is countably presented and contains {x i } i∈F (cf. [4, Theorem 5.1 (4)]).
Let F denote the set of all finite subsets of I, then M is the directed union of (N F ) F ∈F . As each N F is a countable direct limit of finitely presented modules, we deduce that M is the direct limit of a direct system of finitely presented modules indexed by a set of the same cardinality as F . Since F has cardinality < µ, this implies by Lemma 3.6 that M is < µ-presented. Proof. First observe that, since the cotorsion pair, is hereditary the class A is resolving; so to prove the statement it is enough to show that if M ∈ A is < µ-generated then it is < µ-presented.
Since M ∈ A, it is A ⊺ -Mittag-Leffler by Theorem 3.3. Hence M is R-Mittag-Leffler and thus the conclusion follows by Proposition 3.7.
By [4, Proposition 9.2] the conclusion of Corollary 3.8 holds, more generally, for hereditary cotorsion pairs (A, B) of countable type and such that the class B is closed by direct sums. 4 The cotorsion pair (P n , P ⊥ n )
We start characterizing when this cotorsion pair is of finite type. (ii) (P n , P ⊥ n ) is an n-tilting cotorsion pair.
(v) Every module in P n is a direct summand of a P n (mod-R)-filtered module.
When the above equivalent conditions hold, then P n ⊆ lim − → P n (mod-R).
Proof. (i) ⇒ (ii). A hereditary cotorsion pair (A, B)
is an n-tilting cotorsion pair if and only if it is complete, A ⊆ P n and B is closed under direct sums (see [3] , [28] or [22] ). Since (P n , P ⊥ n ) is a complete cotorsion pair, condition (i) implies (ii).
(ii) ⇒ (iii). Any n-tilting cotorsion pair (A, B) is of finite type, by [13] and [14] . Trivially, (P 0 , P ⊥ 0 ) is of finite type. Note that, in this case, condition (v) in Proposition 4.1 can be stated by saying that any projective right module is a direct summand of an R-filtered (hence free) module.
It is well known that P 1 ⊆ lim − → P 1 (mod-R). This can be seen as a consequence of the fact that (P 0 , P ⊥ 0 ) is of finite type. The rest of this section will be devoted to extend this result to arbitrary projective dimension. That is, (P n−1 , P ⊥ n−1 ) of finite type implies P n ⊆ lim − → P n (mod-R). Our arguments follow the ones in [14] .
First we state a Lemma.
Lemma 4.2 Let R be a ring. Let
be an exact sequence of right R-modules. Let µ be an infinite cardinal. Then,
Proof. Statement (i) follows by inductively applying the Horseshoe Lemma.
To prove (ii) we can assume that n > 1. Let 0 → G 1 → P 0 → G → 0 be an exact sequence with P 0 a < µ-generated projective module and G 1 ∈ P n−2 (mod <µ -R). By a pull-back argument we obtain the following commutative diagram:
.
Following the ideas in [14] , we look at conditions on the syzygy module of M ∈ P n . To this aim, we state a result for C-filtered modules, where C is a class of < µ-presented modules for some infinite cardinal µ. 
An immediate consequence of conditions (2) and (4) 
The next result is a straight generalization of [14, Lemma 3.3] Lemma 4.5 Let µ be an infinite cardinal, and let C be a family of < µ-presented right modules containing the regular module R. Let M be a µ-presented right module, and let
be a free presentation of M with F and K µ-generated. Assume that K is a direct summand of a C-filtered module. Then, there exists an exact sequence:
where H and G are µ-generated C-filtered modules.
Proof. Let K be a summand of a C-filtered module P . Since K is µ-generated, Proposition 4.3 implies that K is contained in a µ-generated C-filtered submodule of P ; thus we may assume that P is µ-generated. By Eilenberg's trick,
. Then G and H are µ-generated C-filtered modules.
Now we are ready to prove the announced result.
Theorem 4.6 Let R be a ring, and let n ≥ 1.
(i) If the cotorsion pair generated by P n−1 (mod ℵ0 -R) is of finite type, then every module in P n (mod ℵ0 -R) is a direct limit of modules in P n (mod-R).
(ii) If the cotorsion pair (P n−1 , P ⊥ n−1 ) is of finite type, then every module in P n is a direct limit of modules in P n (mod-R).
Proof. Statements (i) and (ii) are clear for n = 1. Hence we may assume that n > 1.
(i) Let M ∈ P n (mod ℵ0 -R). Then there is an exact sequence
where F 0 is an ℵ 0 -generated free module and K ∈ P n−1 (mod ℵ0 -R). By assumption K is a direct summand of a P n−1 (mod-R)-filtered module. By Lemma 4.5 applied to the family P n−1 (mod-R) for the case µ = ℵ 0 , there exists an
where H and G are countably generated P n−1 (mod-R)-filtered modules. By Corollary 4.4, H and G admit filtrations (H i | i ∈ N) and (G j | j ∈ N), respectively, consisting of finitely presented P n−1 (mod-R)-filtered submodules. Without loss of generality we can assume that H is a submodule of G. Given i < ω, there is an j(i) such that H i ⊆ G j(i) ; and we can choose the sequence (j(i)) i<ω to be strictly increasing. Consider the exact sequence
For every i ∈ N, the modules H i and G j(i) are finitely presented and they belong to ⊥ (P n−1 (mod-R) ⊥ ), by Fact 2.2. By Corollary 3.8 they belong to P n−1 (mod-R). Thus, by Lemma 4.2, C i ∈ P n (mod-R). Moreover, M ∼ = lim − → C i by construction, hence (i) follows. (ii) By way of contradiction, assume that the result is not true and let µ be the least cardinal for which there exists an R-module M ∈ P n (mod µ -R) which is not a direct limit of modules in P n (mod-R). By (i), µ > ℵ 0 .
There exists an exact sequence
where F 0 is a µ-generated free module and K ∈ P n−1 (mod µ -R). By assumption K is a direct summand of a P n−1 (mod-R)-filtered module. By Lemma 4.5 applied to the family P 1 (mod-R), there exists an exact sequence
where H and G are µ-generated P n−1 (mod-R)-filtered modules. By Corollary 4.4, H and G admit filtrations (H α | α ∈ µ) and (G α | α ∈ µ), respectively, consisting of < µ-presented P n−1 (mod-R)-filtered submodules. Without loss of generality we can assume that H is a submodule of G. Given α ∈ µ, there is a β(α) ∈ µ such that H α ⊆ G β(α) ; and we can choose the sequence β(α) ∈ µ to be strictly increasing. Consider the exact sequence
Now, for every α < µ, the modules H α and G β(α) are < µ-presented and in
by Fact 2.2. By Corollary 3.8, they belong to P n−1 (mod <µ -R). Thus, by Lemma 4.2, C α ∈ P n (mod <µ -R). By the minimality of µ, C α is a direct limit of objects in P n (mod-R). Now, M ∼ = lim − →α∈µ C α , by construction, hence M is a direct limit of objects in P n (mod-R), too. A contradiction.
Remark 4.7 As (P 0 , P ⊥ 0 ) is always of finite type, it is easy to find examples showing that, in general, the finite type of (P n−1 , P ⊥ n−1 ) does not imply the finite type of (P n , P ⊥ n ). More involved examples will be given in Examples 9.2.
Moreover, the finite type has not a descent property. In fact, we will show in Proposition 9.13, that there exist artin algebras with the property that (P 2 , P ⊥ 2 ) is of finite type, while (P 1 , P ⊥ 1 ) is not.
Countable Type
We are interested in finding conditions under which the cotorsion pair (P n , P ⊥ n ) is of finite type. A necessary condition is that (P n , P ⊥ n ) be of countable type. To this regard we recall the following results. [21, VI 6] it is proved that every module in P 1 admits a filtration consisting of countably generated submodules of projective dimension at most one. Hence the cotorsion pair (P 1 , P ⊥ 1 ) is of countable type. If R is a right ℵ 0 -noetherian ring (that is all the right ideals of R are at most ℵ 0 -generated), then Raynaud Gruson in [33, Corollary 3.2.5] proved that the cotorsion pair (P n , P ⊥ n ) is of countable type. This result appears also in [1] and [25, Proposition 2.1].
In the one dimensional case, these two cases can be seen in a common setting. We denote by D the class of all divisible right R-module and by T F the class of all torsion free left R-modules.
Thus, a right (left) R-module D is divisible if and only if the right (left) multiplication by an element of Σ is a surjective map and a left (right) R-module Y is torsion free if and only if the left (right) multiplication by an element of Σ is an injective map.
Moreover, if C = {R/rR | r ∈ Σ} ∪ {R}, then D = C ⊥ and T F = C ⊺ . Examples of torsion free R-modules are the submodules of free R-modules. If S is a multiplicative subset of Σ that satisfies the left Ore condition, then S −1 R/R is a direct limit of R/sR, for s ∈ S. Dually, if S is a multiplicative subset of Σ that satisfies the right Ore condition, then RS −1 /R is a direct limit of R/Rs for s ∈ S. Hence we have the following well known fact.
Lemma 5.3 Let R be a ring and let S be a multiplicative subset of Σ. (i) If S satisfies the left Ore condition, then Tor
(ii) If S satisfies the right Ore condition, then Tor
Lemma 5.4 Let R be a ring and let S ⊆ Σ satisfy the right Ore condition such that Q = RS −1 is right ℵ 0 -noetherian. Let F be a free right R-module and let K be a submodule of F such that K ⊗ R Q is countably generated as a right Q-module. Then, K is contained in a countably generated direct summand of F .
Proof. Let (e i ; i ∈ I) be a basis of F . For every i ∈ I denote by π i : F → e i R the canonical projection. For every subset X of F , define the support of X as supp(X) = {i ∈ I | π i (x) = 0, for some x ∈ X}.
Choose a set of generators of K ⊗ R Q of the form {y n ⊗ R 1 | n ∈ N}, where y n ∈ K for every n ∈ N. We claim that supp(K) = supp( n∈N y n R), hence countable. It is clear that supp( n∈N y n R) ⊆ supp(K). For the converse, let y ∈ K. There exist r 1 , . . . , r ℓ ∈ R and s ∈ S such that y ⊗ R 1 = This finishes the proof of our claim. Now K ⊆ i∈supp(K) e i R which is a countably generated direct summand of F .
Proposition 5.5 Let R be a ring and let S ⊆ Σ satisfy the right Ore condition such that
Proof. The result follows by Lemma 5.4 using a back and forth argument in the projective resolution of a module, taking into account that Tor Remark 5.6 By [37, Corollary 11] the cotorsion pair (P n , P ⊥ n ) is of countable type if and only if every module in P n is P n (mod ℵ0 -R)-filtered.
We show now by an example that the cotorsion pair (P 1 , P ⊥ 1 ) is not, in general, of countable type and also that Proposition 5.5 cannot be extended to arbitrary finite projective dimension.
Example 5.7 Observe first that if m is a maximal right ideal of a ring R then the simple right module R/m is mod ℵ0 -R-filtered if and only if m ∈ mod ℵ0 -R. 1). Let R be the K-free algebra generated over the field K by an uncountable set X. Then the two sided ideal generated by X is an uncountably generated maximal right (or left) ideal m of R. Since, R is a hereditary ring, we infer that the simple module R/m has projective dimension 1. In view of Remark 5.6, (P 1 , P ⊥ 1 ) cannot be of countable type since R/m is not P 1 (mod ℵ0 -R)-filtered.
2). Let R be a commutative valuation domain such that its maximal ideal m is ℵ ngenerated. By a result of Osofsky [21, Theorem 3.2], the projective dimension of m is n + 1, so that the projective dimension of R/m is n+ 2. If n > 0 then R/m is not P n+2 (mod ℵ0 -R)-filtered.
Finitistic dimensions of classical rings of quotients
We recall the notions of small and big finitistic dimension of a ring R. For later convenience, we introduce also an intermediate notion.
Definition 6.1 The (right) small finitistic dimension, f.dim R, is the supremum of the projective dimension of the right R-modules in P(mod-R).
The (right) big finitistic dimension, F.dim R, is the supremum of the projective dimension of the right R-modules in P.
We denote by f ℵ0 .dim R the supremum of the projective dimension of the right R-modules
We note the following easy but useful lemma.
Lemma 6.2 Let R be a ring and let C ∈ P 1 (mod-R). There is a finitely generated projective module P and a short exact sequence
Proof. If C is projective, the claim is obvious with m = 0. Let p.d.C = 1. By assumption, there exists a short exact sequence 0 → P → R k → C → 0 for some k > 0 and some finitely generated projective module P . Let P ′ be a projective module such that P ⊕ P ′ ∼ = R m for some m > 0. Then R k ⊕ P ′ ⊕ P ∼ = R k+m and thus the short exact sequence
satisfies the requirements.
As before, for a ring R, we denote by Σ the multiplicative set of the non zero divisors of R.
Let C = {R/rR | r ∈ Σ} ∪ R. Then D = C ⊥ and T F = C ⊺ , where D is the class of divisible right R-modules and T F is the class of torsion free left R-modules.
Clearly C ⊆ P 1 (mod-R).
Proposition 6.3 Let R be a ring with a classical ring of quotients Q. Assume that f.dim Q =0. Then the following hold. (i) The class D of divisible right modules is a 1-tilting class and it coincides with
(ii) The class T F of torsion free left modules coincides with P 1 (mod-R) ⊺ .
Proof. Let C R ∈ P 1 (mod-R). By Lemma 6.2, C R fits in a short exact sequence of the form
where the injection µ can be represented by a n × m matrix A with entries in R and acting on the elements of R m viewed as columns vectors. Tensoring the exact sequence (1) by the flat left R-module Q we get the short exact sequence In what follows, P n (R) and P n (Q) will denote the classes of right modules of projective dimension at most n over R and Q, respectively. Lemma 6.4 Let R be a ring with classical ring of quotients Q. Then, a right Q-module V belongs to P 1 (Q) if and only if there is M R ∈ P 1 (R) such that V = M ⊗ R Q.
Proof. The sufficiency is clear. For the only if part, let V ∈ P 1 (Q). Without loss of generality we can assume that there is a short exact sequence
for some cardinals α, β. , we can assume that the monomorphism µ is represented by a column finite matrix A with entries in R. As R is inside Q, we get the short exact sequence
where the map ν is represented by the matrix A. Then it is clear that M ⊗ R Q ∼ = V .
A characterization of the rings with classical ring of quotients Q of big finitistic dimension zero is now immediate. Proposition 6.5 Let R be a ring with classical ring of quotients Q. Then, the following are equivalent:
Proof. (i )⇒ (ii)
. Assume by way of contradiction that F.dim Q > 0. Let n be the least natural number such that there is a non projective right module V ∈ P n (Q). Consider a free presentation 0
So V has projective dimension one. By Lemma 6.4 and condition (i) we get a contradiction.
(ii) ⇒ (i). Obvious because Q is flat as a left R-module.
We give now a characterization of rings with classical ring of quotients Q of small finitistic dimension 0. Proposition 6.6 Let R be a ring with classical ring of quotients Q. Then, the following are equivalent:
(i) For every right R-module C ∈ P 1 (mod-R), C ⊗ R Q ∈ P 0 (mod-Q);
Proof. (i) ⇒ (ii). Follows from Lemma 6.4 (cf. Proposition 6.6).
(ii )⇒ (iii). By Proposition 6.3 (ii).
(iii) ⇒ (iv). Let N be a left Q-module. The left multiplication by an element of Σ yields a bijection on N . Thus, as a left R-module, N ∈ T F.
(iv )⇒ (i). Let C be a right R-module in P 1 (mod-R) and let N be a left Q-module. By hypothesis Tor R 1 (C, N ) = 0. As the ring homomorphism R → Q is an epimorphism, 0 = Tor
. So C ⊗ R Q is a flat right Q-module, hence projective, since it is finitely presented.
We consider now a situation which is intermediate between the ones considered in Propositions 6.6 and 6.5.
Proposition 6.7 Let R be a ring with classical ring of quotients Q. Then, the following statements are equivalent: (ii) ⇒ (iii). Condition (ii) clearly implies f.dim Q = 0. Moreover, for every right Rmodule M ∈ P 1 (mod ℵ0 -R), M ⊗ R Q is pure projective right Q-module, since by hypothesis it is projective.
(iii )⇒ (i). Let M R ∈ P 1 (mod ℵ0 -R). Then, as M R is countably presented and of projective dimension at most one, it is a direct limit of a countable direct system of the form (C n ; f n : C n → C n+1 ) n∈N , where the right R-modules C n ∈ P 1 (mod ℵ0 -R) ([13, Sec.2]). Hence M fits in a pure exact sequence of the form
where, for every n ∈ N, φε n = ε n − ε n+1 f n and ε n : C n → ⊕ n∈N C n denotes the canonical map. Tensoring by Q we get the pure exact sequence of right Q-modules
which is splitting by the hypothesis that M ⊗ R Q is pure projective. Thus M ⊗ R Q is a direct summand of ⊕ n∈N (C n ⊗ R Q) and for every n ∈ N, C n ⊗ R Q is projective right Q-module, since f.dim Q = 0. Thus M ⊗ R Q is projective, too. 
Orders in rings with finitistic dimension zero
We start by giving a characterization for the equality of the two classes P 1 (mod ℵ0 -R) ⊥ and
Proposition 7.1 Let R be a ring with classical ring of quotients Q such that f.dim Q = 0. Then the following statements are equivalent.
(iii) the cotorsion pair generated by P 1 (mod ℵ0 -R) is of finite type.
Proof. Conditions (ii) and (iii) are equivalent by Fact 2.2. (i) ⇒ (iii). Let (A, B)
be the cotorsion pair of finite type generated by P 1 (mod-R). We must show that every right R-module M in P 1 (mod ℵ0 -R) is in A. As any module in P 1 is a direct limit of modules in P 1 (mod-R), by Theorem 3.3 we only need to show that a right R-module M in P 1 (mod ℵ0 -R) is Mittag-Leffler with respect to the class P 1 (mod-R)
⊺ . By Proposition 6.6, P 1 (mod-R)
⊺ coincides with the class T F of torsion free left R-modules. We show now that, under our hypothesis, every right R-module M in P 1 (mod ℵ0 -R) is T F-Mittag-Leffler.
The assumption f ℵ0 .dim Q = 0 implies that M ⊗ R Q is a projective right Q-module, hence a Mittag-Leffler right Q-module.
We claim that M is Q-Mittag-Leffler, where Q = Q-Mod. In fact, for every right R-module N and any left Q-module V ,
is a family of left Q-modules, the above remark and the fact that M ⊗ R Q is a projective right Q-module imply that the map
Let now R Y ∈ T F and consider the exact sequence
By Lemma 5.3, Tor R 1 (Q/R, Y ) = 0. Thus, tensoring by Y the exact sequence (1) we obtain the embedding
. By Theorem 3.3, the cotorsion pair generated by P 1 (mod ℵ0 -R) is of finite type then every module M ∈ P 1 (mod ℵ0 -R) is Mittag-Leffler with respect to the class (P 1 (mod-R)) ⊺ . As f.dim Q = 0, Proposition 6.3 implies T F = (P 1 (mod-R)) ⊺ . By Proposition 6.6, Q-Mod is contained in T F. Thus the right Q-module M ⊗ R Q is Mittag-Leffler. The conclusion follows by Proposition 6.7.
We now patch together our results in the setting of orders into ℵ 0 -noetherian rings. 
(iv) Every module of projective dimension at most one is a direct summand of a P 1 (mod-R)-filtered module.
(v) Every module of projective dimension at most one is a direct summand of a C-filtered module, where C = {R/rR | r ∈ Σ} ∪ {R}. D) where D is the class of divisible modules; so that every divisible module of projective dimension at most one is a direct summand of a direct sum of copies of ∂. Moreover, every module of projective dimension at most two is a direct limit of modules in P 2 (mod-R).
When the above equivalent statements hold then
Proof. The statement on the modules of projective dimension two is a consequence of Theorem 4.6.
Orders in semisimple artinian rings and noetherian rings
A semisimple artinian ring has global dimension 0 and it is artinian, therefore Theorem 7.2 applies immediately to orders into semisimple artinian rings, that is, to semiprime Goldie rings. Our next goal is to characterize the commutative noetherian rings such that the cotorsion pair (P 1 , P ⊥ 1 ) is of finite type as the ones that are orders into artinian rings. Therefore, in the commutative noetherian case, Theorem 7.2 gives the best possible result. We remark however that in Remark 9.7 we will see that the condition f.dim Q = 0 is not a necessary condition for the cotorsion pair (P 1 , P ⊥ 1 ) to be of finite type. Proof. It is well known that the set of zero divisors of a commutative ring R coincides with the union of the prime ideals of R associated to R. Let {P 1 , P 2 . . . , P n } be the set of the prime ideals associated to R. For every 1 ≤ i ≤ n, let P i Q denote the extension of P i in Q. Then {P 1 Q, P 2 Q . . . , P n Q} is the set of prime ideals of Q, and by [31, Theorem 6.2] , it is the set of associated primes of Q. Let P i Q be a maximal ideal in Q and consider the localization Q PiQ of Q at P i Q. Again by [31, Theorem 6.2] , the maximal ideal of Q PiQ is an associated prime of Q PiQ , hence it consists of zero divisors. This means that the regular sequences in Q PiQ are empty. Hence by the Auslander Buchsbaum Formula, [9] or [39, Theorem 4.4.15] , f.dim Q PiQ = 0. Since this holds for all maximal ideals of Q, we conclude that any finitely generated (presented) module of finite projective dimension is flat and, hence, projective. Therefore, f.dim Q = 0. (ii) F.dim Q = 0.
(iii) Q is artinian.
(iv) the set of prime ideals associated to R coincides with the set of minimal prime ideals of R.
Proof. Over any ℵ 0 -noetherian ring the cotorsion pair (P 1 , P ⊥ 1 ) is of countable type. Thus for such rings, (P 1 , P ⊥ 1 ) is of finite type if and only if the cotorsion pair generated by P 1 (mod ℵ0 -R) is of finite type, by Fact 2.1.
(i) ⇔ (ii). By Lemma 8.3, f.dim Q = 0. The above remark and Theorem 7.2 give the equivalence.
(ii) ⇔ (iii). A combination of a result by Bass [11] and one by Raynaud Gruson [33] shows that, for a commutative noetherian ring, the big finitistic dimension equals the Krull dimension. Moreover, a commutative noetherian ring is artinian if and only if its Krull dimension is zero.
(iii) ⇔ (iv). As noted in the proof of Lemma 8.3, the prime ideals of Q are exactly the extension at Q of the associated prime ideals of R. Hence the claim is immediate.
Noetherian Cohen-Macaulay rings have an artinian ring of quotients so they satisfy the above theorem.
Kaplansky's characterization of commutative rings with big finitistic dimension zero (see [11, pag 1] ) combined with Theorem 7.2 allows us to prove, Remark 8.5 Let R be a commutative ring and Q its total ring of quotients. Assume that Q is a perfect ring and ℵ 0 -noetherian. Then, (P 1 , P ⊥ 1 ) is of finite type.
Examples
In this section we exhibit examples and counterexamples for the finite type of the cotorsion pairs (P n , P ⊥ n ). Our first type of examples is based on the following observation.
Lemma 9.1 Let R be a ring such that f.dim R = m < F.dim R, then (P n , P ⊥ n ) is not of finite type, for all n > m.
Proof. By Auslander's Lemma, any direct summand of a P n (mod-R)-filtered module has projective dimension at most m. But, by assumption, for any n > m, P n (mod-R) = P m (mod-R) and in P n there exist modules of projective dimension greater than m. Therefore, for all n > m, (P n , P ⊥ n ) is not of finite type.
In trying to generalize the results in Section 8 to the cotorsion pair (P n , P ⊥ n ), for n > 1, the first thing to keep in mind are the next two counterexamples showing that, even over commutative domains these cotorsion pairs are not of finite type, in general. Examples 9.2 (i) There is a commutative local noetherian domain such that the cotorsion pair (P 2 , P ⊥ 2 ) is not of finite type.
(ii) If R is a non Dedekind Prüfer domain, then (P n , P ⊥ n ) is not of finite type, for all n > 1.
Proof. is a system of parameters, but it is not a regular sequence. In fact,
, so depth R = 1. Hence, by Auslander-Buchsbaum equality [9] , f.dim R = 1 and by [33] F.dim R = 2. Now the conclusion follows from Lemma 9.1. To prove (ii) recall that finitely presented modules over a Prüfer domain R have projective dimension at most one, hence P n (mod-R) = P 1 (mod-R), for every n ≥ 1. Now our statement will follow from Lemma 9.1, once we have proved that in a non Dedekind Prüfer domain P 1 P 2 .
To this aim note that a non Dedekind Prüfer domain is a non noetherian ring, hence it has a countably generated ideal I that is not finitely generated. Being R semihereditary, I is flat, and, since R is a domain, it is countably presented. As I is flat and countably presented it has projective dimension at most 1. Since in a domain the projective ideals are finitely generated, we deduce that I has projective dimension exactly 1. Therefore R/I ∈ P 2 \ P 1 .
On the positive side, we consider the case of an Iwanaga-Gorenstein ring, that is a left and right noetherian ring R such that the right module R R has finite injective dimension and the left module R R has also finite injective dimension. In this case, both dimensions coincide. The ring R is said to be an n-Iwanaga-Gorenstein if these dimensions are both n. Example 9.3 If R is an n-Iwanaga-Gorenstein ring, then (P n , P ⊥ n ) is of finite type.
Proof. It was shown in [6, Theorem 3.2] that if R is an n-Iwanaga-Gorenstein ring, then f.dim R = F.dim R = n and that the cotorsion pair generated by P(mod-R) is the n-tilting cotorsion pair corresponding to the n-tilting module T = 0≤i≤n I i where 0 → R → I 0 → I 1 → · · · → I n → 0 is a minimal injective coresolution of R. Moreover, in [6] it is shown that P = ⊥ (T ⊥ ). Hence, (P, P ⊥ ) = (P n , P ⊥ n ) is of finite type.
Example 9.4 If R is a commutative Gorenstein ring then it is Cohen-Macaulay. Hence, by Theorem 8.4 the cotorsion pair (P 1 , P ⊥ 1 ) is always of finite type and it is generated by {R/rR | r regular element of R}.
If R is n-Gorenstein, we do not know whether (P m , P ⊥ m ) is of finite type for 1 < m < n, cf. Proposition 9.13. Example 9.5 (i) If f.dim R = 0, then P n (mod-R) = P 0 (mod-R), for every n. Hence, (P n , P ⊥ n ) is of finite type if and only if F.dim R = 0.
(ii) If R is a right noetherian ring, right self-injective, then all right projective modules are injective. Hence F.dim R = 0 and so for every n ∈ N, (P n , P ⊥ n ) = (P 0 , P ⊥ 0 ) is of finite type.
Next we consider the case of an artin algebra, that is a finitely generated algebra over a commutative artin ring.
Recall that a subclass X of P(mod-R) is said to be contravariantly finite if every M ∈ mod-R admits an X -precover (cover), that is there exist X ∈ X and a morphism f :
Auslander and Reiten [10] proved a fundamental result, namely that if P(mod-R) is contravariantly finite, then the small finitistic dimension of R is finite.
Huisgen-Zimmermann and Smalø in [25] strengthened Auslander-Reiten's result by proving that, if P(mod-R) is contravariantly finite, then the big finitistic dimension of R coincides with its small finitistic dimension.
In [7, Theorem 4.3] Angeleri and Trlifaj showed that, for any right noetherian ring R, f.dim R ≤ n if and only if the cotorsion pair generated by P(mod-R) is an n-tilting cotorsion pair. Moreover, they prove that for an artin algebra R, P(mod-R) is contravariantly finite in mod-R if and only if the tilting module corresponding to the cotorsion pair generated by P(mod-R) can be taken to be finitely generated. Thus, as a consequence of all these results we have: Example 9.6 Let R be an artin algebra. Assume that P(mod-R) is contravariantly finite in mod-R. Let f.dim R = n(= F.dim R). Then, (P n , P ⊥ n ) is of finite type.
Proof. By the preceding remarks and [7, Corollary 3.6].
Remark 9.7 In contrast with our previous discussion on rings with classical ring of quotients with finitistic dimension 0, we note that an artin algebra coincides with its classical ring of quotients. So Example 9.6 shows that there exists a ring with classical ring of quotients of small finitistic dimension greater than zero such that the cotorsion pair (P 1 , P ⊥ 1 ) is of finite type.
Since over right perfect rings, direct limits of module of finite projective dimension n are still of finite projective dimension n, we have the following general observation. Proposition 9.8 Let R be a right perfect ring. Assume that f.dim R = n and F.dim R > n, for some n ≥ 1. Then the cotorsion pair (P n , P ⊥ n ) is not of finite type.
Proof. By hypothesis, there exists a right module M of projective dimension exactly n+1. Assume, by way of contradiction that (P n , P ⊥ n ) is of finite type. By Theorem 4.6, M R is a direct limit of objects in P n+1 (mod-R) which coincides with P n (mod-R), by assumption. Since R is right perfect, p.d.M ≤ n (see [11, Theorem P] ), a contradiction.
In [35] Smalø constructs a family of examples of finite dimensional algebras R n , such that f.dim R n = 1 an F.dim R n = n for every n ∈ N. So that, for n > 1, R n satisfies the hypothesis of Proposition 9.8. As ∆ E is the canonical map of the presentation of the inverse limit of the inverse system (Hom R (A, M n ), Hom R (A, f n )) n∈N we deduce that Ext Corollary 9.11 Let R be an artin algebra. Let (M n , f n : M n+1 → M n ) n∈N be an inverse system of finitely generated left R-modules. If, for any n ∈ N, M n ∈ P 1 (R-mod) ⊥ then lim ← − M n ∈ P 1 (R-Mod) ⊥ .
Proof. By Lemma 9.10, lim ← − M n ∈ P 1 (R-mod) ⊥ . The conclusion follows by the same argument as in the first part of the proof of Lemma 9.10, since any module of projective dimension at most 1 is a direct limit of finitely presented modules of projective dimension at most 1 and the module lim ← − M n is pure injective. Let K be a field and consider the path algebra R = KQ/I where the ideal I is generated by: ǫβ, γβ, βδ, ǫαδ; all paths leaving the vertex 1 that have length at least 3; all paths leaving the vertex 2 that have length at least 2. Then, the following hold:
1. By [24] and [26] , P(R-mod) is contravariantly finite and f.dim R =F. dim R = 2, so every module in P 2 is a direct limit of objects in P 2 (R-mod).
2.
By [26] , P 1 (R-mod) fails to be contravariantly finite.
Proposition 9.13 Let R be the finite dimensional algebra defined in Example 9.12. Then (P 2 (R-Mod), P 2 (R-Mod) ⊥ ) is of finite type, but (P 1 (R-Mod), P 1 (R-Mod) ⊥ ) fails to be of finite type.
Proof. For i ∈ {1, 2, 3, 4}, let P i = Re i denote the indecomposable projective left modules of R and let I i = E(S i ) denote the indecomposable injective left modules.
Let J = P 3 ⊕ Rǫα ⊕ Rγα ⊕ Rǫ ⊕ Rγ. Note that J is a two-sided ideal of R and that R/J is isomorphic to the Kronecker algebra that we shall denote by Λ. The left Λ modules are left R modules via the projection R → R/J = Λ.
Consider the simple regular modules over Λ:
Then, (i) For every λ ∈ K, V λ is a finitely generated R-module of projective dimension 1.
(ii) V ∞ ∈ P 1 (R-mod)
⊥ .
In fact, as an R-module, V λ ∼ = P 1 /R(α − λβ) and R(α − λβ) ∼ = P 2 . Therefore (i) holds. To verify (ii), note that V ∞ is a quotient of I 4 and recall that P 1 (R-mod)
⊥ contains the injective modules and is closed under epimorphic images. For any λ ∈ K, denote by T λ the corresponding Λ-Prüfer module and by t λ the corresponding tube in Λ-mod. As T λ and the modules in t λ are filtered by V λ , condition (i) above tells us that they are modules in A = ⊥ (P 1 (R-mod) ⊥ ).
As B = P 1 (R-mod) ⊥ is a tilting class, it is closed by direct limits and extensions. Hence, by condition (ii) above, all the modules in t ∞ and the Prüfer module T ∞ are in B. By Corollary 9.11, we can also conclude that the adic module Z ∞ is in B. Therefore, for any set I, Z
∞ ∈ B. Now we are ready to proceed as in [8] to conclude that (P 1 (R-Mod), P 1 (R-Mod) ⊥ ) is not of finite type. By [34, Proposition 3] , if T λ is any of the Prüfer modules of the Kronecker algebra, then the generic module Q is a direct summand of T N λ . Since for finite dimensional algebras, P 1 is closed under products, taking λ ∈ K we deduce that the generic module Q has projective dimension 1 viewed as an R-module. Since Z ∞ is the dual of a Prüfer module it is pure injective, however it is not Σ-pure injective. By results due to Okoh [ 
